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SUMMARY

The radial basis function neural network (RBFNN) simulation has been designed to simulate and predict
the mean velocity of capillary flow in transition from laminar to turbulent flow and the root-mean-square
vorticity as a function of wall-normal position at different values of Reynolds number. The system was
trained on the available data of the two cases. Therefore, we designed the system to work in automatic
way for finding the best network that has the ability to have the best test and prediction. The proposed
system shows an excellent agreement with that of an experimental data in these cases. The technique has
been also designed to simulate the other distributions not presented in the training set and predicted them
with effective matching. Copyright � 2010 John Wiley & Sons, Ltd.
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1. INTRODUCTION

There are a variety of practical applications, ranging from drug-delivery and bioanalyses systems
to the implementation of efficient thermal management strategies for microelectronics cooling,
that require an understanding of fluid flow at the microscale [1]. In particular, a subset of these
applications, like enhanced heat transfer for microelectronic cooling applications [2] and passive
mixing in chemical microreactors [3], relies heavily on the characteristics of flow in the transitional
and turbulent regimes.

There is an existence of the similarity and the difference between transitional flows at the micro-
and macro-scales.With regard to transition to turbulence at the microscale, the results of many
groups have indicated that this transition occurs at anomalously low Reynolds number (Re) in
comparison to macroscale transition. Observations were made for flow in rectangular microchannels
of varying aspect ratios where single-point statistics, calculated from velocity fields acquired by
micro-PIV, revealed the onset of transition at Re∼1800.2300 [4].

In general, experimental studies of transitional flows at the microscale are often limited to
the measurement of bulk flow parameters [3, 4], such as flow rate and frictional pressure-drop
along the length of the channel. With the development of microscopic PIV as a tool for obtaining
spatially resolved velocity fields at the microscale [5, 6], there is growing interest in studying
the underlying characteristics of complex flow features at the microscale. In a typical micro-PIV
experiment, the flow is volume illuminated and the spatial resolution in the depth direction is
defined by the imaging optics. Consequently, particles that are just beyond the depth of focus

∗Correspondence to: Mostafa Y. El-Bakry, Physics Department, Faculty of Science, Benha University, Egypt.
†E-mail: oelbakre@yahoo.com

Copyright � 2010 John Wiley & Sons, Ltd.



1284 M. Y. EL-BAKRY

appear as noise in the acquired images [7]. Therefore, it has become customary to drastically reduce
the particle seeding density in micro-PIV experiments and instead utilize ensemble-averaging of
correlation functions to obtain accurate and well-resolved velocity vector fields [6]. In this form,
however, micro-PIV is inherently limited to the measurement and visualization of steady flows
or the mean characteristics of unsteady flows (including periodic flows wherein the measure-
ments can be accurately phase-locked to the periodic flow physics). In contrast, the accurate
measurement of instantaneous unsteady and/or turbulent flow physics requires the acquisition of
highly resolved, instantaneous velocity fields which demands the use of a relatively high seeding
density.

The first measurements of transition and turbulence via micro-PIV were reported by Li et al.
[4, 8] for flow through rectangular PDMS microchannels. They concluded that fully developed
turbulent flow was achieved at Reynolds numbers between 2600 and 2900 based on analysis
of the streamwise and wall-normal root-mean-square (RMS) velocities and the Reynolds shear
stresses. The examination of large-scale turbulent structures in rectangular PDMS microchannels
with varying aspect ratios using spatial correlations of the velocity fluctuations are reported in [9].
Most recently, micro-PIV measurements in the streamwise-wall-normal plane of a 536 lm capillary
at Re=4500 by Natrajan et al. [10] showed the singlepoint statistics, including profiles of the
mean velocity, the RMS streamwise and wall-normal velocities and the Reynolds shear stress,
to be in good agreement with that observed in a direct numerical simulation (DNS) of turbulent
pipe flow at a comparable Re. Validation of the efficacy of micro-PIV as an experimental tool for
resolving the instantaneous velocity fluctuations that occur in wall-bounded turbulent flows are
established [10].

Given the conflicting evidence that exists regarding pathways of transition to turbulence at the
microscale, the underlying physics of these flows must be understood before microfluidic devices
that operate in this regime can be optimized for increased performance and efficiency, particularly
from a heat-transfer standpoint.

The characteristics of transitional wall-bounded flows at the microscale via pressure-drop and
micro-PIV measurements of flow through a 536 lm diameter capillary over a broad range of Re
are documented in [11]. Measurements are conducted from Re=1800 to 3400 to study the bulk
and spatial characteristics of the flow as it undergoes transition from a laminar to a turbulent state
in microscale capillaries.

The present effort introduces the artificial neural network (ANN) for modeling the mean velocity
and the vorticity of transitional flow in microscale capillaries using the data obtained from Natrajan
and Christensen [11].

Neural networks are widely used for solving many problems in most science problems of linear
and nonlinear cases [12–20]. Neural network algorithms are always iterative, designed to step
by step minimize (targeted minimal error) the difference between the actual output vector of the
network and the desired output vector [21–23].

Radial basis function neural network (RBFNN) is a feed-forward neural network with good
performance, and the speed of training methods is high. The model is not only simple but also
with higher precision and purpose capabilities, and it has a strong biological background and close
arbitrary nonlinear function of capacity. Therefore, it has been paid more attention to in recent
years. Radial basis function (RBF) neural network is based on supervised learning. RBF networks
were independently proposed by many researchers [24–26] and are a popular alternative to the
multilayer perceptron (MLP). RBF networks are also good at modeling nonlinear data and can
be trained in one stage rather than using an iterative process as in MLP and also learn the given
application quickly. They are useful in solving problems.

The data obtained by Natrajan and Christensen [11] are chosen to be carried out using the RBF
neural networks.

The present work offers an efficient RBF neural network that is used to simulate and predict the
unknown data of the RMS vorticity �� and the mean velocity U (r ) as a function of wall-normal
position r/R at different values of Reynolds number ranging in transition from laminar to turbulent
flow in capillary flow.
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The rest of the paper is organized as follows: Section 2 describes the trained NN. Section 3
presents the proposed system. Section 4 shows the obtained results. Finally, Section 5 concludes
the work.

2. RBFNN OVERVIEW

In this paper, we will use another type of neural networks: the radial basis function networks (or
RBFN) [24–26]. These networks have the advantage of being much simpler than the perceptrons
while keeping the major property of universal approximation of functions [26]. RBFNNs rank
among the most popular tools for function approximation and have currently been widely applied
in many areas, such as nonlinear control, speech processing and pattern recognition [25]. An RBFN
is an artificial neural network that uses RBFs as activation functions. Although several forms of
radial basis may be used, Gaussian kernels are most commonly used.

The basic architecture of an RBF network with inputs and a single output is shown in Figure 1.
The RBFN model consists of three layers: an input layer, a hidden (kernel) layer and an output
layer, as shown in Figure 1. The nodes within each layer are fully connected to the previous layer.
The input variables are each assigned to a node in an input layer and pass directly to the hidden
layer without weights. The hidden nodes or units contain the RBF, also called transfer functions.

Given a set of data points, {Xi ,Yi }i=N
i=1 , where the vector X is an input, vector Y is the desired

output and N is the number of training pairs. Based on the RBFNN, it is desired to construct an
approximation function Ŷ = f (X )∼=Y that minimizes an error function E over the given training
set. This approximation function f (X ) is assumed to be a linear weighted sum of radially symmetric
function of X . Such RBFNN network can be represented by the following model:

f (X )=
m∑

j=1
wkj� j (‖x −c j‖) (1)

where wkj is the synaptic weight connecting hidden neuron j to output neuron k, � j (.) is a Gaussian
kernel of the hidden neuron j , ‖·‖ denotes the Euclidean norm, c j is the center of the j th kernel
and m is the total number of kernels. The Gaussian kernel � j (.) is defined as

� j (‖X −c j‖)=e−‖X−c j ‖2/� j (2)

Figure 1. The radial basis function neural network.

Copyright � 2010 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2011; 67:1283–1290
DOI: 10.1002/fld



1286 M. Y. EL-BAKRY

where � j is the width of the j th kernel. The problem of RBF approximation is to find appropriate
centers c j ’s and widths � j ’s of the hidden nodes and weights wkj’s of the linear layer. The degree
of accuracy of the RBF networks can be controlled by these three parameters.

The sum of squared error criterion function can be considered as an error function E to be
minimized over the given training set. That is, to develop a training method that minimizes E by
adaptively updating the three parameters of the RBF network.

Training RBF ANN occurs in two separate stages (unsupervised stage and supervised stage). The
first stage is subdivided into two steps: selection of the basis function centers (this is determined
by some sort of clustering), followed by selection of the width of each basis function (this is
determined by a k-nearest neighbor method). In the second stage, the weights between the hidden
and the output layers are computed using the pseudo-inverse method for a constant value of � as
given as follows:

�W =Y (3)

W =�−1Y (4)

W = [(�T�)−1�T]Y (5)

where �, W and Y denote � j , wkj and the output in matrix form, respectively.

The approximated output Ŷ is shown in the following equation:

Ŷ = f (X,c,�,W )=
m∑

j
wkj� j (X,c j ,� j ) (6)

3. THE PROPOSED RBF NEURAL NETWORK SYSTEM

The studied problem consists of two parts: the first part (RBFNN1) simulates the root mean
vorticity �� and the second one (RBFNN2) models the mean velocity U (r ), which depends on the
function of the wall-normal position r/R. Each part contains four groups of data corresponding to
four different Reynolds numbers that are in the range of transition from laminar to turbulent flow.
These numbers are Re=2000, 2300, 2600 and 2900.

Three groups are chosen as patterns for training (Re=2000, 2300 and 2600) and one group for
prediction (Re=2900). Our problem has two inputs (wall-normal position and Reynolds number)
and single output (for RBFNN1 model and U (r ) for RBFNN2 model) in each part.

We have preferred to use the same neural network architecture in the two cases. It was found
that one hidden layer and 10 neurons are enough for reaching the optimal solution. Figure 2 shows
a block diagram of this model in two cases. We first set up the network with random weights and
biases values.

RBFNN2Wall normal position r/R

Reynolds number
Mean velocity U(r) 

RBFNN1Wall normal position r/R

Reynolds number
RMS vorticity σλ 

Figure 2. A block diagram modeling.
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The performance of the previous two models is examined by using the mean square error (MSE)
and the mean absolute error (MAE), which are defined as follows:

MSE= 1

N

N∑

i=1

(
Eimeasured − Eipredicted

)2 (7)

MAE= 1

N

N∑

i=1

∣∣(Eimeasured − Eipredicted

)∣∣ (8)

In Equations (7) and (8), E denotes the RMS vorticity �� and � is swirling strength of the
velocity gradient tensor in first case and mean velocity U (r ) in second case and N is the total
number of data.

The optimal RBFNN parameters (the number of RBF and center c j ’s and width � j ’s of each
RBF) were determined by experiments with a number of trials by taking into account the error
measurements. In general, a good model will produce less error measurements (in our case MSE
and MAE). The MSE and MAE were calculated for both the training and testing (prediction) data
sets for different number of hidden nodes to avoid the over-fitting problem. The error calculated
using the testing data set often provides a better measurement of the predictive capability of a
fitted model. Thus, computing the error over the testing data set becomes more helpful to validate
the model and avoid over-fitting.

4. RESULTS

The proposed RBFNN models were applied to simulate the experimental data [11] of the vorticity
(referred to as model 1) and mean velocity (model 2). By employing the above-mentioned proposed
models with different values of the RBF parameters (c and w), we have obtained different numbers
of hidden neurons for the RBFNN models. The results obtained by the two models are discussed
in the following subsections.

4.1. RMS vorticity (model 1)

The RBFNN is used in this research with two input nodes (r/R and Re), one hidden layer with
32 nodes and a single output node (��) designed as a ‘2-32-1’ net. The selection of the optimal
width value for RBFNN was performed by systemically changing its value in the training step.
The value that gives a minimum error was chosen as the optimal value and was used in the model.
The adjustment of the connection weight between the hidden and the output layers was performed
using a least-squares solution after the selection of centers and width of RBFNN1. The overall
performance of RBFNN1 is evaluated in terms of a MSE and MAE. For this model, the optimal
width value was ranged between 0.00323 and 0.3465. The corresponding number of centers (hidden
layer nodes) of RBFNN1 is 32. Therefore, an RBFNN1 with ‘2-32-1’ structure was developed.

In the prediction model, we find that a value of 32 centers and a radius range (0.00323–0.34650)
lambda range (0.00585–0.09762) will give the optimal error results for the model. The optimum
number of functional centers was determined by assessing the relative performance of the one-step
ahead prediction model using a range of values for the number of centers.

Figure 3 shows the simulated results (Re=2000, 2300 and 2600) and the predicted ones (Re=
2900). This figure also shows an exact matching between the calculated and predicted data with
the experimental ones. According to model 1, we have obtained MSE=0.0000758 and MAE=
0.00637207 for the predicted data.

4.2. Mean velocity (model 2)

The RBFNN2 has two inputs (r/R and Re) and one output layer unit (u(r )) and one hidden layer
of 18 units. RBFNN2 can be designed as 2-18-1 net to indicate the number of units in input (2),
hidden layer (18) and output layer (1), respectively. RBFNN2 is completely specified by choosing
its parameters (the number of 18 of RBF and center c j ’s ranged from 0.00147 to 1,424,405) and
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Figure 3. The RBFNN1 results of the root-mean-square vorticity.

Figure 4. The RBFNN2 results of the mean velocity U (r ).
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width � j ’s of each RBF and the connection weights wkj’s between j th hidden layer unit and kth
output unit.

Figure 4(a)–(c) represents the simulation results (Re=2000, 2300 and 2600) and the predicted
model (Re=2900) of mean velocity u(r ), which shows almost exact fitting to the given experimental
data. The obtained model had an MSE=0.0000745 and MAE=0.005553 for the predicted data.

5. CONCLUSION

In this paper, a method was proposed to model the RMS vorticity �� and the mean velocity U (r )
of capillary flow in transition from laminar to turbulent flow as a function of wall-normal position
at different values of Reynolds number using RBFNNs. The trained RBFN shows excellent results
matched with the experimental data in the two cases of the RMS vorticity �� and the mean
velocity U (r ). The RBFNN technique has been also designed to simulate the other distributions
not presented in the training set and matched them effectively. Then, the capability of the RBFNN
techniques to simulate and predict the experimental data with almost exact accuracy recommends
the RBFFN to dominate the modeling techniques in physics of fluid.
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